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Abstract. We begin by discussing various ways autoequivalences and stability condi- 
tions associated to triangulated categories can interact. Once an appropriate definition of 
compatibility is formulated, we derive a sufficiency criterion for this compatibility. We 
next apply this criterion to derived categories associated to Galois covers of the Weier- 
strass nodal cubic, known as n-gons and denoted by E„ . These are singular non-irreducible 
genus 1 curves naturally arising in variety of contexts, including as certain degenerations 
of elliptic curves. 

In particular, fixing the stability condition to be the natural extension of classical slope 
to E„, we explicitly compute the moduli space of stable objects and its compactification 
(given by S-equivalence). The compactification of stable objects with a fixed slope is 
isomorphic to a disjoint union of Em and Z/nZ where m\n; m varies as the slope varies 
and all such m occur 

This computation is made possible by explicitly constructing the group of all autoe- 
quivalences compatible with the choice of stability condition. It is found that this group is 
an extension of the modular group Fq (ri) by a direct product of Aut (E,i ) , Pic" {E„ ) , and 
Z. 



1. Introduction 

Triangulated categories appear throughout geometry, with the different incarnations 
containing varying geometric data. The most studied is D^{X), the bounded derived cat- 
egory of coherent sheaves on a (locally noetherian) scheme X. Generally, it is difficult to 
abstract geometric information from triangulated categories. This paper is centered on us- 
ing interactions between stability conditions and exact autoequivalences to derive informa- 
tion about each other, revealing a great deal of geometric information about the underlying 
triangulated category in the process. In particular, we study when an autoequivalence and 
a stability condition are well adapted to each other. 

The prominent example of of how a well adapted autoequivalence can elucidate struc- 
ture in a triangulated category is the Fourier-Mukai transform on an elliptic curve, E. 
This is an autoequivalence obtained through the integral transform $73 of D'' (E) with the 
kernel V isomorphic to the Poincare bundle. This autoequivalence does not preserve the 
geometric t-stmcture Coh(ii^), yet it is known (and can be verified using Theorem |3. 13 1 
that $73 is compatible (to be defined below) with all stability conditions on 'D^{E), includ- 
ing classical slope stability. One can describe its action on D^{E) through the equality 
<I>-p • {Z,V) = {Z,V) ■ e^'^l'^ on the stability manifold (for any stability condition). This 
description allows one to reinterpret the method used in Atiyah's classification of the mod- 
uli of semistable vector bundles on i? as a transitive action of SL(2,Z) (via ^-p and ®L 
for any principle polarization £) on the set of phases of (Z, P) IIAti57l IBBDG06I . 

We must describe what is meant by "interactions" between stability conditions and au- 
toequivalences. As a consequence of their definition, stability conditions are refinements 
of bounded t-structures: if / = [a, a + 1) (or (a, a + 1]) and ViT) designates the extension 
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closed subcategory generated by semistable objects F with (l>{F) e /, then is the 
heart of a bounded t-structure. Therefore, a stabihty condition gives a K-indexed family 
of t-structures. This family yields an enhanced relationship between t-structures: two t- 
structures are "related" if they originate from one stability condition. This relationship can 

be rephrased as a "change of basis" using the GL (2, M) action on the moduli of stability 
conditions. 

Understanding when an autoequivalence takes one t-structure to a related one is the fun- 
damental idea to our framework. Loosely, we define an autoequivalence $ and a stability 
condition {Z, V) to be compatible if for each t-structure A originating from (Z, V), ^{A) 
also originates from {Z,V)\ we will discuss the precise definition shortly. We developed 
the following criterion giving sufficiency conditions for compatibility. 



Theorem 3.13 Let $ e Aut(T), where T is a triangulated category. Given {Z,V) G 
Stab(T), a locally finite stability condition, one has the t-structure D-^ := 7^(0, oo), with 
heart Alf^ satisfies 

(i) ^{A) C V^^^ n 2?>A^-i, M € Z. 

(ii) $ descends to an automorphism [[$]] o/im(Z) if (T)/ ker(Z). 

( Hi) $ preserves the ordering on im(Z)e/ f,comp C mi{Z) induced by (Z, V). 

then $ is compatible with (Z, V). 

Here, \Tii{Z)eff^comp (defined in f|3]) is a minimal subset for which we must check that $ 
strictly preserves the ordering. We note that the first condition is a necessary one. A fact 
that will be evident from the definitions. The beauty of this criterion is its ability to reduce 
compatibility to a series of linear algebra calculations. 

To demonstrate the usefulness of our criterion we apply it to D^(]E„), where E„ (n e 
denotes a singular scheme, given by simple combinatorial data: E„ is a singular 
reducible genus 1 curve that can be envisioned as a cycle of n projective planes with 
transverse intersections. They arise in many contexts, including as Galois covers of the 
Weierstrass nodal cubic, degenerations of elliptic curves, and in constructing Neron mod- 
els. Our choice of a singular variety is appropriate: the pathologies in 'D^{X) presented 
by singular and non-irrreducible X have thwarted most attempts at understanding even the 
most basic examples. This makes the 7i-gon a good starting point to demonstrate why these 
techniques are an important contribution to our mathematical toolkit. 

It is well known that given an elliptic curve E, Aut(D''(£')) is an extension of SL(2, Z). 
This fact is central to many of the nice results about the elliptic curves, their derived cat- 
egories, and mirror symmetry. Using our criterion, we provide an analog for n-gons. Let 
Z,i : if(E„) ^ C be defined by Z,i{F) = -x{F) + ^(Eo<^<nrk,(i^)). The function Z,i 
and heart Coh(E„) form the stability condition aci{n) :— {Zci,Pci) (see §2 for how this 
works). This stability condition is the obvious generalization of classical slope stability to 
the case of n-gons. 



Theorem 5.11 Given n, let Autci{n) C Aut(D (E„)) consist of all autoequivalences 



compatible with [Zci,Vci)- Then 

1 !■ Z/nZ X C* X Z X C* > Autd(n) > Toin) > 1 

where To{n) C SL(2, Z) and the group on the left is generated by Pic'^(E„), Aut(E„), 
and the double shift [2]. Under the action of Ant,, i{n) there are Sjj|„ (j>Q(/)((d, n/d)) 
equivalence classes of phases, where <j) is Euler's function. 
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This is a departure from the niceties of elliptic curves and nodal cubics: there is one equiv- 
alence class in those cases. Further, the modular groups ro(n) are not finitely generated 
for most n. 

To demonstrate how compatible autoequivalences can reveal information about stability 
conditions, we provide an extension of Atiyah's classification to the n-gon. It can be shown 
that the semistable objects in {Zd , Vd ) correspond to Simpson semistable objects for a po- 
larization on E„ I RM GP091 ISim94| . It therefore makes sense to classify the coarse moduli 
space of semistable objects of given phase a, A4ci{n, a). Using the action of Autc/(n), the 
analog of Atiyah's work is 



Theorem 



6.1 



Given a nontrivial slice V{a) of {Zd, Vd) on E„ (n > 1), let A^^[(n, a) C 
Addi^ja) denote the subscheme whose closed points correspond to stable objects and 

WL/nL where s\n (s depends on a) and 



M 



its closure. Then M^^j{n,a) 



E, 



each component of M.fi(n, a) is a component of M.d{n, a). 



Here we restrict to the case of n > 1 since for the nodal cubic it is known that ^* ( 1 , a) = 
El IIBK06al . The case of n = 2 was ca lculated in [.RMGP09] . 

The disconnectedness of Md ^ result of the rigidness of indecomposable torsion- 

free, but not locally free, sheaves on E„. If a is such that locally free objects V G 
M.d{n,a) are line bundles, then these "rigid" elements correspond to line bundles re- 
stricted to s consecutive components. There is an action by the Galois group of 7r„ : 
E„ El on A^^*(n,a) that cyclically permutes the rigid elements and factors through 
Gal(Es El) on the positive dimensional component. Our classification, like Atiyah's, 
relies on the reduction of the problem to a finite number of specific cases. This is provided 
by Theorem |5.11| The shortcoming of Atiyah's method applied to the n-gon is now clear: 
for n > 4 taking quotients of semistable sheaves by trivial subbundles is not enough to 
reduce the classification problem to a finite number of cases. One must "reduce" by an 
infinite number of sheaves to get a finite number of classes. This highlights the importance 
of having a general criterion. 

Although we restricted to stable objects in Theorem |6.1| the methods used can be ex- 
tended to classify the entire coarse moduli space of semistable objects. This is done by 
comparing M-din^a) to Md{s, 1) for a suitable s. The structure of the latter space is 
completely known: A^c/(s, 1) — IJSym'^(Es). Using this one should be able to write 
M.d{n, a) in terms of ]J Sym'^(Es). This work should allow substantial progress in clas- 
sifying moduli spaces obtained from other Simpson stability conditions and more general 
genus 1 curves. 

We conclude this introduction with a quick discussion on the definition of a compati- 
ble autoequivalence, and how this definition influences Theorem 3.13 As a starting point, 
the most general compatibility between an autoequivalence and a stability condition is 
simply that our autoequivalence preserves semistable objects. Without more knowledge 
about the categorical structure of our triangulated category, finding easily verifiable con- 
ditions is not possible. Ideally, we want to avoid almost all knowledge of our triangu- 
lated category in the calculations. To obtain such low level conditions, one must con- 
sider more than just semistable sheaves. A stability condition gives a binary relation on 
semistable sheaves, induced by the charge on K{T)- To take this data into account, we 
define a compatible autoequivalence as a semistable preserving autoequivalence that pre- 
serves this binary relation. This new definition has the following strong consequence: 
if a (p{^{F)) for any semistable object F E then $ induces an equivalence 
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7^(0, 1] = 'P{a — 1, a]. To understand the origin of the criterion, observe that the equiva- 
lence gives $(P(0, 1]) C Via, a + I] C <I>(Af, Af-2) forsome M e Z. Thus $(P(0, 1]) 
is concentrated in a maximum of 2 cohomological degrees (in the original t-structure). This 
shows that Theorem 3. 13 i) is a necessary condition. Moreover, with (i) and (ii) in place, it 
is clear that a compatible autoequivalence will satisfy (iii). From this perspective, (ii) is the 
only strong assumption in our criterion. It is this assumption that allows one to use the full 
data supplied by the stability condition. This in turn allows us to ignore most categorical 
structure in our criterion. 

The layout of this paper is as follows. fj2]is an overview of stability conditions, the in- 
herent group action on their moduli, and integral transforms. With these preliminaries out 
of the way, in f|3]we begin our discussion of compatibiUty between an autoequivalence and 
a stability condition. We show some easy consequences of the definitions and begin for- 
mulating properties that we can expect compatible autoequivalences to have. These basic 
properties g ive th e criterion in Theorem 3.13 and the section is concluded with the proof 
94j contains a review of basic terminology and results about D''(En 



of Theorem 



3.13 



With the terminology set, in SjSjwe use Theorem 3.13 to construct compatible autoequiva- 
lences of D'^(E„), study basic properties of the group they generate. Lastly, in ^we use 
our compatible autoequivalences to understand aspects of the stability condition {Zci,Vci)' 
the compactification of the moduli of stable objects of a given phase, and number of phases 
for a given n. 



1.1. A brief note on notation. Throughout this paper T will be a essentially small tri- 
angulated category. By Aut(T) we mean the group of exact autoequivalences of T, i.e., 
autoequivalences that preserve the triangulated structure. 

We let H denote {z € C\3mz > 0} (the standard upper half plane) and H' := HUM<°. 



2. Background. 

2.1. Stability conditions. Stability conditions on triangulated categories were first de- 
fined and studied by Bridgeland in liBri07J . |,Bri09 |. Although stability conditions are the 
culmination of a long standing attempt to extend geometric invariant theory (GIT) to the 
setting of triangulated categories, the original motivation for Bridgeland was to provide a 
mathematical basis for Douglas's Il-stability IIDou01llbou02L 

2.1.1. Definition. Given a triangulated category T, we define the K-group K{T) as the 
abelian group freely generated on Iso(T) (isomorphism classes of objects of T), subject 
to the relations [B] = [A] + [C] if there exists a triangle A-^ B C ^ A[l] ^ . . .. 

Definition 2.1. IIBri07ll A stability condition [Z, V) on a triangulated category T consists 
of a group homomorphism Z : K{T) C called the central charge, and full additive 
subcategories V{(t)) C T for each (/> e M, satisfying the following axioms: 

(a) if £; e 75(0) then Z{E) = ■m{E) exp(i7r0) for some m{E) e M>o, 

(b) for all e E, V{(l) + 1) = ■P((/>)[1], 

(c) if 01 > (1)2 and Aj S V{(t)j) then Homr{Ai,A2) = 0, 

(d) for each nonzero object E E T there is a finite sequence of real numbers 

(jjl > 4>2 > ■ ■ ■ > 4>n 
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and a collection of triangles 

= £^0 > El > E2 > > En-l > En=E 

K 



with A J e V{4>j) for all j. 

Given a stability condition on T, to designate the semistable objects in the Harder- 
Narasimhan filtration on an object F we write Aj{F), or Aj when no confusion can arise, 
and if the number of semistable factors is irrelevant we denote the lowest phase as and 
the accompanying semistable factor as A^ . 

The triangles in Definition |2.1| d) are called the Harder-Narasimhan filtration of the 
object E. In the case that our triangulated category is a derived category, and our object a 
sheaf (or module), then the classical notion coincides with this one. 

We denote by Via, b) the full extension-closed subcategory of T generated by Vic) C 



T, c £ [a, b). It is clear from Definition 2.1 b), that all semistable objects, up to shift. 



are determined by any interval of length 1. In fact, the subcategory 'P{a,a + 1] is the 
heart of the bounded t-structure given by the subcategory V{a^ oo) (and therefore abelian). 
The subcategory ■p(0, 1] will play a special role. Our charge, Z, has the property that 
e W for A G 7^(0, 1]. Since H' is contained in a proper open domain of C*, we 
can assume the existence of a log branch on H' such that - 3m log agrees with the phases 
in (0, 1]. We can use this log branch to assign phases to all objects in P(0, 1], including 



those that are unstable. This fact will be used extensively in our proof of Theorem 3.13 

An important feature of a stability condition is that we can recover our semistable ob- 
jects given the abelian category 7^(0, 1] and the charge Z : K{A) = K{T) H'. 
This viewpoint motivates the equivalent definition of a stability condition: the heart of 
a bounded t-structure C T, and a homomorphism (called a stability function) Z : 



K{A) H' which satisfies a certain finiteness condition similar to Definition 2.1 d), 
oddly enough, called the Harder-Narasimhan property. All the stability functions/charges 
in this thesis will have this property. 

Example 2.2. Let X be an smooth algebraic curve. Define Z{F) = — dcg(J^)+i rank(J^). 
Then Coh{X) and Z define a stability condition on D'^(X). The semistable objects are 
the same as those calculated by slope. 

2.1.2. Group actions on the moduli of stability conditions. Let $ G Aut(T). The relations 
on K{T) depend only on the triangulated structure of T. Thus, it is clear that $ descends 
to an automorphism [$] of K{T). The following lemma explicitly details a commuting 
left/right group action on the moduli of stability conditions. We include the proof since 
this paper is partially concerned with relationships between these two actions. 

Lemma 2.3 ( IIBri07l Lemma 8.2). The moduli space of (locally finite) stability conditions 

Stab(T) carries a right action of the group GL (2,IR), the universal covering space of 
GL(2, M), and a left action by the group Aut(T) of exact autoequivalences off. These 
two actions commute. 

Proof. First note that the group GL (2,M) can be thought of as the set of pairs (T, /) 
where / : M — > M is an increasing map with /(0 + 1) = /((^) + 1, and T : — >• is an 
orientation-preserving linear isomorphism, such that the induced maps on S''^ = K/2Z = 
K^/E>o are the same. 
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Given a stability condition a = {Z,V) G Stab(r), and a pair (T, /) e GL (2,M), 
define a new stability condition a' = {Z' ,T') by setting Z' = T^^ o Z and V {(f)) = 
V{f {<!)))■ Note that the semistable objects of the stability conditions a and cr' are the 
same, but the phases have been relabeled. 

For the second action, we know that an element <i> e Aut(T) induces an automorphism 
[$] of K{T). If a = {Z, V) is a stability condition on T define $(cr) to be the stability 
condition [Z o where V' {t)=^{V{t)). The reader can easily check that this 

action is by isometries and commutes with the first. □ 

We can think of the action of GL (2, M) as a "change of coordinates": it is a change of 
basis on the range of our charge Z, followed by an appropriate reassigning of the phases 



so that Definition 2. 1 is satisfied. An alternative way to understand the left group action is 
via the abelian subcategory/stability function viewpoint. In particular, our autoequivalence 
$ e Aut(T) takes A to another abelian category, ^{A). One then obtains a stability func- 
tion on ^{A) by pullback, $ • Z = thus giving us a new stability condition. 

2.2. Integral transforms. Let AT be a locally noetherian scheme. For any object JC E 
D'^(A X A), using the natural projections 

A^ ^A 

one can define an exact functor $yc G End(Z)^(A)) called an integral transform with 
kernel /C. Explicitly, 

In the case that JC is either perfect or flat over A (under the map pi), we can restrict this to 
an endomorphism of D'^(A), see iRMdS09| or lBK06b|. Given two integral transforms, 
we have the composition formula ^jc o ^jc = ^k'*ic where /C' * /C := Pi3*(Pi2(^') ®^ 
P23(A^)), with pij the obvious projections of A x A x A I MukSII . 

The next proposition gives commutation relations between integral transforms and au- 
tomorphisms of A. This result is well known, and proven by standard techniques. 

Proposition 2.4. Let ^jc denote the endomorphism o/D^(A) with kernel /C G D'^(A x 
A). If a is an automorphism of X, then 

(1) a* O $;c = *(jdxa).K: 

(2) $k; o a* = *(Qxid)*/c 

(3) <^^oa* ^ ^{»xtd),K 

(4) a* o $^ 9^ ^{rdxayK 

3. Compatible Autoequivalences 

Throughout this section we let $ be an exact autoequivalence of a triangulated category 
T. Given a stability condition, we denote the heart of the t-structure 2?-° — 7^(0, oo) by 
A = 7^(0, 1]. We begin by defining compatibility and discussing its consequences. With 
the definition in place, we derive our criterion and prove its sufficiency. 

3. L Discussion of compatibility. We begin with a basic definition of a "nice" interaction 
between an autoequivalence and a stability condition: 

Definition 3.1. Let $ e Aut(T) and {Z, V) G Stab(T). $ is semistable presei-ving with 
regard to {Z, V) if for every semistable object F, is semistable. 
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This definition has many drawbacks. First, the definition does not allow us to easily de- 
scribe the action of <j> on T. Knowledge that $ preserves semistable objects is not enough 
to specify (or formulate) coherence data between ^{A) and any bounded t-structure orig- 
inating from {Z^V). Without this data, our ability to describe $ is severely limited. For 
instance, it is reasonable for an unstable object to be mapped to a stable object, show- 
ing that is not semistable preserving. Second, without specific information about 
(Z, P), and T, finding an easily verifiable criterion that tests if $ is seinistable preserving 
is nearly impossible. 

The problem with our definition is its insensitivity towards additional structure supplied 
by a stability condition. Stability conditions dictate more than the class of semistable ob- 
jects: semistable objects are grouped together into ordered slices. Additionally, these slices 
are adapted to a function on the JiT-group. To improve our definition, our compatibiUty wiU 
respect this additional structure. It will become clear in the next sections why this allows 
us to find a criterion. 

Deftnition 3.2. A semistable preserving autoequivalence $ is compatible with {Z, V) if 
for every pair of semistable objects F and G, 

(1) (i){F) < (j){G) implies <t>{^{F)) < <?i'($(G)), 

(2) (f>{F) = (t){G) implies = (j>W{G)). 

We abbreviate these two conditions: (f){F) (i) (t>{G) implies (i) (j){^{G)). The 

ordering of slices imparts a binary relation on semistable objects. By abuse of terminol- 
ogy, we will refer to this binary relation as an ordering. We can rephrase our definition of 
a compatible autoequivalence as a semistable preserving autoequivalence that strictly pre- 
serves the ordering. The following proposition helps convey why we chose "compatible" 
to describe this type of autoequivalence. 

Proposition 3.3. Let and {Z, V) be compatible. For all nontrivial slices 'P{a), $ induces 
an equivalence $ : ■p(a) ^ V{b)for some 6 e M. 

Proof. The conditions for compatibiUty ensure that $ preserves our semistable objects, and 
strictly preserves the binary relation. We can recover the semistable objects of a particular 
slice via this relation (short of the zero object). Since shces are full subcategories, the 
result follows due to the fact that $ is an equivalence. □ 

The preceding proposition shows that the global behavior of a compatible autoequiv- 
alence can be explicitly described as an ordered phase rearrangement, enabling one to 
roughly describe its action in very simple terms. This allows us to understand relationships 
between different phases, helping to understand important symmetries in T and {Z,V). 
Many times this phase rearrangement can be extended to an element in Diff^(IR). An 
important example of this is when the element of Diff (M) is in fact obtained by a linear 
change of coordinates on C. More precisely, we would like to know if there exists an ele- 
ment g e GL"^ (2, M) such that $ • {Z, V) = {Z, V) ■ g. This will be our strongest form of 
compatibility. 

Deiinition3.4. $ is strongly compatible if = {Z, V)-g for some g e GL^(2,]R). 

We list several properties of compatible autoequivalences that will be used in latter 

sections. 

Proposition 3.5. The composition of compatible autoequivalences are compatible. Fur- 
ther, if^ is compatible with {Z, V), then 
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(1) ^{F) is semistable if and only if F is. 

(2) ^{F) is stable if and only if F is. 

fij $ is compatible if and only ;/<E>~^ is compatible. 

Proof. The first statement is obvious from the discussion above. For the second, stable 
objects of phase a are the simple objects in the abelian category 7^ (a). By definition, <1> 
induces an equivalence of categories between the various slices in V. Since simple objects 
are categorically defined, the equivalence must preserve them. The last statement is clear 
if one views a compatible autoequivalence as a rearrangement of V. □ 

3.2. A criterion for compatibility. Now that we have made precise the definition of com- 
patibility between autoequivalences and stability conditions, we want to derive some easily 
testable conditions, that when satisfied give an affirmative answer for compatibility. To re- 
iterate our setup, $ will be a compatible autoequivalence and {Z,V) E Stab(T). The 
criterion should be verifiable on the level of a t-structure obtained from {Z,V), and K- 
group. The first condition is a necessary condition; the other two conditions reduce the 
verification to linear algebra. 



Proposition 3.5 implies the existence of 6 e M such that <^{V{Q)) C Vih). Chasing 
through definitions reveals $(P(1)) C 7^(6 + 1). The order preserving manner in which 
$ acts implies <!> restricts to a fully faithful map of subcategories: <i>(7'(0, 1])) C 7^(6, b + 
1], and that this is an equivalence. Thus, a compatible equivalence applied to A can be 
concentrated in a maximum of 2 consecutive cohomological degrees. By definition, this 
necessary condition is something that can be calculated on the level of the t-structure, and 
will be our starting point. 

Condition 1. W{^{A)) = if i 7^ {M, M - 1} where M G Z. 

With Condition [T| in place, {Z,V) allows the choice of a log branch on C* with the 
property that the phases assigned by this branch agree with those in 7^(— Af . — A/ + 2]. This 
branch can be chosen so it is discontinuous at the positive real axis if M is even, or the 
negative real axis if M is odd. Our goal is to assign a phase (t>f{^{F)) for ?A\ F E A (we 
use the subscript / to emphasize that may or may not be semistable, thus it is a "fake" 
phase). Condition [T| alone does not enable this: it is possible that Z($(F)) — 0,F e T 
with F 0. However, if we assume [$] descends to an automorphism [[$]] of im(Z), this 
concern is alleviated. 

Notation. Given [F] E K{T), let [[F]] denote it its image in im{Z). Likewise, if A S 
F,nd{K{T)), let [[A]] denote the resulting endomorphism on im(Z), if well defined. 

This motivates our second condition: 

Condition 2. [<i>] descends to an automorphism [[$]] of im(Z). 

Remark 3.1. It seems plausible that this condition may be stricter than needed to prove 
compatibility. However, with a less stringent Condition (2) it is not likely that Condition 
(3) can be phrased in terms of K-group calculations. 

We can now assign our "fake" phases: 

Notation. Assume a choice of log branch on C. Given a nonzero v E im{Z), := 
i 3mlog{Z{v)). If [[J"]] = u for J" G T, we define (pfiT) to be 

To formulate our last condition, we must fix our log branch. To do this we will assume 
that M is even. In the case that M is odd, compose with the shift [1]. Our log branch 



INTERACTIONS BETWEEN AUTOEQUIVALENCES, STABILITY CONDITIONS, AND MODULI PROBLEMS. 9 



will be compatible with the phases in A and discontinuous at the positive real axis. With 
this choice, our log branch gives two orderings on the semistable objects of A: prior and 
subsequent to the apphcation of $. If $ is compatible, these will be identical. Since these 
orderings solely rely on im{Z) := K{T)/kev{Z) and the log branch, we will rephrase 
this in terms of a subset of im{Z). First, in order to limit these calculations, we restrict to 
the "effective" subset: 

im(Z)e// = {±v € im{Z) \ 3 s.s. G € with [[G]] = v}. 

The discontinuity of our log branch has the unfortunate consequence of disallowing mean- 
ingfully comparison of the before and after orderings between all elements of im(Z)e//. 
We want to restrict to the largest subset of im{Z)i,ff for which this comparison is valid. To 
do so, we need to ensure that [[$]] doesn't move our objects past the discontinuity. Define 

im(Z)eomp = {v\ Z{v) e H'} U {±v\ Z{v) e H' and Z{[[<i>]]v) G H'} 

Example 3.6. Suppose that [[$]] is the restriction of an element T e GL+(2,M) (via Z). 
Let ^? = H' n T-i (H'). Then im(Z)comp is the subset of im(Z) contained in H' U -Q. 




Figure 1. H'andT-i(H') 




Figure 2. H'u-^ 
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On im{Z)comp we can meaningfully compare the two aforementioned orderings. Our 
final condition is that these orderings are the same (i.e. the binary relation is strictly pre- 
served under [[$]]). 

Condition 3. Given v,w € im(Z')e//ncomp := ^^iZ)eff n im(Z)comp if 4>f{v) (=) 
(f>f{'w) then (=) (i-e. strict preservation). 

The advantage of working with im(Z) is that we can ignore T and our stability condition. 
This is purely linear algebra. If im(Z) is finite rank, then this a straightforward condition 
to verify. Although there is no explicit mention of the log branch in Condition 3, our subset 
im{Z)comp is only meaningful for comparison when the log branch is at the positive real 
axis. 

Condition[T]may seem redundant after Condition [3] and the discussion in S 3. 1 however, 
we needed the former to reliably define the latter 

3.3. Proof that the criterion implies compatibility. We will now assume the autoequiv- 
alence <i> satisfies 

CI Wi<^>iA)) = if i 7^ {A/, M - 1} where M e Z. 

C2 [$] descends to an automorphism [[$]] of im(Z). 

C3 Given v,w £ im(Z)eyyncomp the relation 4>f{v) {=) 4>f{w) imphes 0^ ([[<!>]] (w)) 
(=) '/'/([['^]](^)) (i-S- strict preservation). 
From the definition of a stability condition, it is clear that the shift functor is a strongly 



compatible autoequivalence. This, combined with Proposition 3.5 shows we can assume 
M = (in CI). Like above, our log branch will be discontinuous on and </>/(^) S 
(0, 1] for A&A. 

We begin by understanding the information contained in C3. We first lift the order 
preserving requirement to the level of semistable objects. 

Lemma 3.7. Let F,G £ Ohi{A U A[l]) be semistable with ^"^(^(G')) = 0. Then 4>{F) 
fi) 0(G) implies (t>fmF)) A 0/($(G)). 

Proof. By definition, [[F]], [[G]] G im{Z)eff- The choice of log branch ensures the fake 
and real phases of F and G are equal. Assume that F,G € A. Then [[F]], [[G]] E 
im{Z)comp and applying C3 gives the result. 

In the case that F £ A and G G ^[1], we first note that CI and the assumption 
H-2($(G)) = imply that Z{[G[-1]]) € H' and Z([$]([G[-1]])) S H'. This shows 
that [[G]] € im{Z)comp- Applying C3 gives the result. 

Lastly, let F, G e ^[1]. We must show that 0(i^) < 0(G) ensures [[F]] e ini{Z)comp- 
The case above applies to F[-l] and G[-l], showing 0/($(i^[-l])) < 0/($(G[-l]). 
Since [[G]] G im(Z)comp, 0/($(G)) < 1. This is enough to show that Z{[F[-1]]) G H' 
and Z([$]([F[-1]])) G H'. Therefore, [[F]] G im{Z)comp and applying C3 gives the 
result. □ 

We would like to understand when $ preserves cohomological purity (i.e. conditions 
on an object F E A that guarantee W{^{F)) = for all but one i G Z). We claim that 
the necessary condition is membership in one of two full subcategories that split A. 

Notation. Denote by G M the minimal phase such that if w G im{Z)ef fnco7np then 
'Pf{v) < + 1. When the heart A is clear, we will drop the subscript. 

Clearly depends on both $ and A. C3 ensures that has the following important 
property: 
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Lemma 3.8. If F e A is semistable and (j){F) < itla, then Z{[(^{F)]) e H'. Further, 
mj^ is maximal with respect to this property. 

Proof. This is a consequence of the definitions and Lemma [377j by definition there exists 
a semistable G with [[G]] G im(A)e//ncomp, <i){F) < (f){G) < m^, and Z{[^{G)]) G H'. 
Lemma then gives the lemma. □ 

Our choice of M guarantees that m > 0. It would be convenient to attempt to use C3 to 
show that if 4>f{G) < m then ^(G) G A. This in general will be a false statement. Instead 
we split our abelian category A into two pieces Aq = 7^(0, m] and Ai = V{m, 1]. Clearly 
Ai generate A through extensions. Our goal is to show that 

Proposition 3.9. 

(i) >^'{A^)^A 

(ii) C A[l] 

We first prove several key lemmas. The proposition is then an easy consequence of 
these lemmas. The first is adapted from I1RMGP09I . 

Lemma 3.10. Let F e A, 

(1) ifW{^{F)) = Ofori^ ~1 thenm< (j)f{F) < 1. 

(2) ifW{^{F)) = Ofori^ then < (j)f[F) < m. 

Proof. We will prove the first statement; the second is shown by similar methods. Suppose 
the contrary: = for i 7^ —1 yet < (f>f{F) < m. The Harder-Narasimhan 

filtration of F gives a short exact sequence 

0^F_ -^F ^ A^{F)^0 

where < 4){A^{F)) < m. The first inequality follows from the fact that F G ^. 
Applying ^ gives a long exact sequence 

— >n-^mF)) ^n-\<i>{A^{F))) ^n''{<^{F^)) 

where the last is due to CL 

By Lemma [3?8] we have Z[[A^{F)]) G H'. Further, have a semistable factor A' ~ 
A_{<i>{A_{F))) with (l){A') < 1 guaranteeing that n°{<^{A_{F))) ^ 0. The exactness 
of the above sequence then shows T-L'^{^{F)) 7^ 0, giving us our desired contradiction. □ 

For an object F E A, the condition < 4>f{F) < rn is coarser that F G 7^(0, m]. This 
allows us to work with objects without assuming membership a particular slice Ai- 

Lemma 3.11. IIRMGP09I Let F A. Then there exists a short exact sequence 
^ ^-^{n-^{^{F))[l]) F ^ ^ 

of objects in A. 

Proof. We will include our own proof. Let G :— ^{F). We have the triangle 

n-\G)[i] > G 

n\G) 
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coming from the t-structure. Applying $ ^ results in the long exact sequence: 

> H-1($-1(H0(G))) ^ -^F^ 

CI ensures = for fc 7^ 0,-1 and {'^-^ {U^ [G))) for 

7^ 0, 1. Thus the two end groups in this sequence vanish. 

We are left showing the isomorphisms [^-^ {li.-^ {G)[l])) ^ {li.-^ {G)[l]) 
and H°($~i('H°(G))) = $-i('H°(<I>(F))). The first isomorphism is a consequence of 
?^^^($^^('H^^(G)[1])) ~ 0, which can be seen from further up on the same sequence: 

Clearly the left and right groups are zero, thus giving the result. A similar argument holds 
forthecaseofH°($"H'^°(G))) ^ H'^" ("J" (-F")))' concluding the proof. □ 

We will now analyze how <1> acts on semistable objects of A. 

Lemma 3.12. Let F Cz A be semistable. Then, '^{F) is cohomologically pure, i.e., 
W{^{F)) = 0/or all but one integer. 

Proof. We separate the proof into two cases. 

< cj){F) < m: Suppose that both ^ and ^-^(^(i^)) ^ 0. The 



exact sequence in Lemma 3.11 shows that <1> ^(H ^($(F))[1]) is a subsheaf of F (and 
non-zero by assumption). F being semistable, combined with its assumed phase ensures 
^ l{^-'^{'H-^(^{F))[l])) < m. Ontheotherhand,$-i(-H"H*(^))[l]) satisfies Lemma 



3.10 



1), ensuring (f) f{^^^ {H^^ {^{F))[l])) > m, a contradiction, 

m < (j){A) < 1: Again, suppose the contrary. Then is a quotient 

sheaf o f F, en suring that 0f((i>~^('H"(<l>(F)))) > m. However, satisfies 

2), giving <j)f{^^^{H^{^(F)))) < m, again, a contradiction. □ 



Lemma 



3.10 



Proposition 3.9 is an easy consequence of Lemma 3.12 since it is generated from 



semistable elements through extension. 

Proof of Proposition \3.9\ Assume F e A^,i G {0, 1} and Aj{F) are the semistable ob- 
jects in the Harder-Narasimhan filtration of F. By definition of A^, ^ji^) € A^. Lemma 
3.12 and Lemma 3.10 imply that ^{Aj{F)) is cohomologically pure and are concentrated 



in degree — i for all j (since —0 is 0). Since A and -4[— 1] are extension closed, we have 
that is concentrated in degree — i, completing the proof. □ 



From Lemma 3.12 we know that is cohomologically pure. However, this t- 

structure was arbitrary. Since semistable objects are the objects that are cohomologically 
pure in every t-structure generated from (Z, V), one can show that is semistable if <i> 
satisfies our conditions for all t-structures obtained from {Z,V). This motivates the proof 
of our main theorem. Before stating the next theorem, we recall the definition of two key 
subsets of im(Z): 

im(Z)e// = {±v\3 s.s. Gc,A with Z{[G]) = v}. 

im{Z)co„ip = {v\ Z(v) e H'} U {±i;| Z{v) e M' and Z{[[<S>]]v) e H'} 

Theorem 3.13. Let $ e Aut(T). Given {Z,V) G Stab(T), a locally finite stability 
condition, one has the t-structure T)-^ — V{Q, 00), with heart A.If^ satisfies 

(i) ^(A) c v^'^^ n v^'^^-\ M e z. 
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(ii) $ descends to an automorphism [[$]] ofim(Z) = i<L'(T)/ kcr(Z). 
(Hi) for v,w (z im{Z)ef fncomp, the relation 4>f{v) (=) 4>f{w) implies (/)/([[$]](«)) (i) 
(/)/([[$(G')]](k7)); here (j)f is the "implied phase" obtained from a log branch. 

then $ is compatible with {Z, V). 

Proof Let [Zg^Vg) be the stability condition {Z,V) ■ e*'''^, with heart Ag ^ V{9,0 + 
1] = 'Pg{0, 1]. We use the notation Mg, rag, and im(Z)^Q„p for the obvious objects 
associated to {Zg,Vg). Note that generally, im(Z)^Q„p will not be equal to im(Z)°Q^p: 
the log branch will change, thus changing which elements of ini(Z) are "comparable". We 
claim if $ satisfies (i), (ii), and (iii) above for {Z,V), then it will also satisfy them for 
[Zg.Vg), e M. Only (i) and (iii) are unclear Once this is shown, it is easy to see that $ 
is semistable preserving: if not, we can choose 9 to ensure is not cohomologically 

pure (in the t-structure with heart Ag). The full compatibility easily follows. 

To show that <i> satisfies (i), (ii), and (iii) with regard to [Zg^Vg) it is enough to assume 
that 6 £ (0, 1], for the shift [1] is strongly compatible. We split the argument into the cases 
6 < nio and 6 > toq. The main difficulty with the latter is showing (i) is satisfied: one 
encounters problems understanding $(7^(7710, 6'][1]). We first handle 6 < ttiq. 

By definition, Ag is the extension-closed full subcategory of T generated by 1^(9, mo], 
V{mo, 1], and 7^(0, 0)[1]. Let m'g e M be the maximal number such that for semistable 
F E V{9, 1], (j)f{^{F)) > m!g (it exists for the same reason mg exists). Our choice of 



and Afo ensures < m'g < 1. If m'g > 9, then by Proposition 3.9 and condition (iii) 

<^{V{9,mo\)ciV{9,l]ciAg, 

<^>{V{Q,9)[i]) c 7^(1, 2] c vfc^v}-\ 

^{V{7no, 1]) C V{1, 2] C Vf n V}~\ 

Thus showing that $ satisfies (i) in {Zg,Vg) with Mg = 0. On the other hand, if m'g < 9, 
then 

^{V{9, ij]) C V{9 - 1, 1] c 2?f n vf, 
$(P(O,0)[l])c7'(l,m',]cI?f npf , 
^V{mo, 1]) C Vil, m'g + 1] C Vf^ n v}" . 

Again showing that <I> satisfies (i) (Mg = 1) with respect to {Zg,Vg). 

To show (iii) is satisfied; we only need to check the case of strict inequality since equal- 
ity is clearly satisfied. Any choice of log branch splits C* into two symmetric pieces. H' is 
adapted to the branch with discontinuity at the positive real axis. By definition, im(Z)^Q„p 
is defined using H' • e™^ and a log branch with discontinuity at the ray of angle Tr9 (relative 
to the positive real axis). We can assume that on the positive real axis, the phases of the 
two branches agree. With this description, we can rephrase (iii) for im{Z)effr]im(Z)^^^p 
in terms of im(Z)e// n im(Z)°omp- 

Let m'g > 9. Forv,w S im(Z)e//nim(Z)^o„jpnim(Z)J?Q„jp (iii) is clear: v,w, [[^]]v, 
and will have the same phase assignment in both branches. In the case w ^ 

im(Z)°„„p, e H'. Our choice of log branch for 0^ ensures > 2. 

Since v E im{Z)^g„^p, ([[$]]«) < 2, thus handling this case. To handle v,w ^ 



im(Z)°Q one first notes Lemma 3.7 implies toq + 1 < Therefore, —v, —w G 



im(Z)°Q^ n im{Z)^g The hnearity of [[i>]], and the above case then gives the result. 
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To handle m'g < 9 \i suffices to prove (iii) for [1] o $. For this autoequivalence, identical 
arguments as above can be used. 

We have now shown <i> satisfies (i), (ii), and (iii) with regard to {Zg^ Ve) for < mo. 
Consider the sequence uji = mo, UJ2 = rn^ii, ^^c. The sequence has the property that <1> 
satisfies the conditions stated above for each (Z^. , Vut)- Note if the conditions are met for 
{ZuijVui) with 9 ~ oj < m^, then the above arguments ensure that it is true for 9. This 
implies if limj^oo = oo, then we are done. Thus to finish our claim that $ satisfies (i), 
(ii), (iii) for all {Zo^Ve) it suffices to show if limi_j.oo oji = n < oo then $ satisfies the 
condition for {Z^.+p.Vn+p) for p E [0, 1). 

We first show show that $('P[k, k + I)) C VIk +1,k + 2). Let F e ^[k, k + I) 
be a semistable object. Then for some j with i/jj small (or possibly zero), F £ Aui and 
0(F) > m^^. By Proposition [19] e A^^[l]. If <I>(F) ^ r[K, k + l)[l],\hen 

there exists at least one semistable factor of not contained ^^[1]. The definition of n 
implies that we must have ak > j such that F e Aui^,, yet ^ Auj^ [1]. Using Lemma 



3.12 again, $(F) G Ai^^ resulting in 0(F) < m„^, a contradiction. 

The autoequivalence [—1] o ^ restricts to an element in Aut(7'[K, k + 1)). Clearly this 
is enough to show [—1] o $ satisfies (i) with respect to (Z^, Vn). For (iii), note that given 
v,w £ im(Z)J^Q^p, there exists such that v,w £ im{Z)'^^^p. The condition is assumed 
true for v,w £ im{Z)'^^j^p. We can choose our log branches for oji and k in a compatible 
manner such that 0^' and agree on v,w, and thus showing that (iii) is 

satisfied. 

We can therefore apply the above machinery to p < (with respect to [—1] o $). 
However, since [—1] o <I>(7'[k, k + 1)) C k + 1), it is clear that if m^j^ 7^ 1 and 
p > then (Z„+p, Vf^+p) and (Z^+m^ , V^+m^ ) differ only by a shift of "fake" phases. 
This proves our claim. 

We wiU now show that $ is compatible with (Z,!^). Given F semistable in {Z,V) 
with 0(F) = 77, suppose that $(F) is not semistable. The Harder-Narasimhan filtration of 
^(F) gives 0_($(74)) < 0/($(F) < 0o(*(^))- If we set 6* = 0/($(F), in the stability 
condition {Ze,Ve), 'H°($(F)) 7^ and T-0-{^{F)) 7^ 0. From above, we know that $ 



satisfies conditions (i), (ii), and (iii) for [Zg, Ve), allowing us to apply Lemma 3.12 and get 
a contradiction. Therefore $(F) is semistable in {Z,V), with phase 9. We can therefore 
remove the "f from (f>f. Condition (iii) is then the condition for compatibiUty. □ 

Corollary 3.14. If $ is compatible with (Z, V) then it is compatible with {Z, V) ■ g for 
g £ GL+(2,M). 



Corollary 3.15. Let $ satisfy all conditions of Theorem \3. 13 Then $ is strongly compati- 



ble if and only if the induced automorphism on im(Z) extends to an orientation preserving 
R-linear automorphism ofC. 



In the case that K{T) is finite rank. Theorem 3.13 ii) can be rephrased. 



Proposition 3.16. $ descends to an automorphism ofmi{Z) if and only if restricts to 
an automorphism o/ker Z. Further, i/'rank(ker Z) is finite, this condition is equivalent to 
<I>(kerZ) C kerZ. 

Proof. The first statement is a consequence of the triangle axioms in the derived category 
of Z modules. For the second, it is clearly a necessary condition. For sufficiency, first note 
that the map is injective, so we just need to show suijectivity. If not surjective, there exists 
an element a £ ker(Z) ^ $(kerZ), thus 4>~^(kerZ) ^ ker Z. Our assumption can be 
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rephrased as ker Z C <i>^^ (kcr Z). The equivalence of rank (since both are finite rank) im- 
plies that <I>~^(kerZ)/kerZ is a torsion group. However, $~^(ker Z)/ ker Z C imZ ^ 
im Z C C which has no torsion points, a contradiction. Thus <i> is an automorphism when 
restricted to ker(Z). □ 

4. N-GONS 

This chapter is a collection of facts and definitions about n-gons and their derived cat- 
egories. We define the "classical" stability condition, which will be used throughout the 
rest of this paper. 

4.1. The geometry of n-gons. Let E„, n e N, denote the n-gon: projective singular 
reducible curves consisting of a cycle of n components, all isomorphic to P^, with nodal 
singularities (i.e. transverse intersections). is a Galois cover of E„ if and only if n\ra. 
In particular, n-gons are Galois covers of the Weierstrass nodal cubic. We fix a consistent 
choice of covering maps {TTm.n}zxz {'^m,n G Hom(E,„,E„)) and deck transformations 
{tm,n}zxz (i'm,n £ Gal(Em,E„)) Satisfying 7r„,„ o 7r;,„i 7r;,„ and 7r„i,„i„j,; = Ln,i for 
Z|n|m. Denote by tm,n a consistent choice of generator for the Gal(E„j,E„) = (rn)/(n) = 

(where n = Im), We often times omit the second number when it is 1 e.g. tt„i for 7r„j i. 
It is implicit in the above definitions that 7ri(E„) = Z. 

The normalization of E„ is II„P^. Obviously the normalization map ?/ : II„P^ — > E„ 
is an isomorphism away from the singular locus. It will become important to refer to indi- 
vidual components. To do so, we index the components with Z/nZ by arbitrarily choosing 
the "first" component and continuing in a clockwise or clockwise manner, depending on 
our choice of „. 

We will also need the projective genus singular curves I„i. These curves are a chain 
of m reducible components, all isomorphic to P^. They can be obtained as partial normal- 
izations of the m-gon at any one of its singular points. 




Figure 3. Eg andl4 



4.2. K(D^{E,,)) and <Tciin). To define our stability conditions, we need to calculate 
K(D^{En))- This is a well known calculation: A'(D'^(E„)) = Z"+i. To see this, one just 
needs to analyze short exact sequences supplied by the adjunction map id ?/*?7*, see 
ORMGP09I Proposition 2.3]. Our preferred basis for if (D'^(E„)) consists of cq = [k{p)] 
for a smooth point p E E„, and = [77* (Opi (— 1))], < i < n. Define ranki(J^) as 
the dimension of the vector space obtained by restricting T to the generic point of the ith 
component. Clearly [J^] — x(J^)eo + S,iranki(J^)ei. 

Let (Tci{n) = (Zf-hVci) denote the stability condition with charge Zci(F) — —x{P) + 
irktot{F), with heart Coh(E„). Here rkfot designates the function J2o<i<n rank^. It is 
clear that keT{Zci) is finite rank and im{Zci) is rank 2. 
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This stability condition is an extension of classical slope to the case of n-gons. Given a 
torsion free T £ Coh(E„), one can define its slope ipiJ-) I" the case that T 

is semistable (in aci{n,)), the conversion between tp{J-), its slope, and (t){J-), its phase, is 
given by 

^(JT) = -coi{-Kcj){F)). 
4.3. Classification of torsion free sheaves. 

Theorem 4.1 ( IIBBDG06II Theorem 1.3). With £„ and Ik as above, let £ be an indecom- 
posable torsion free sheaf on E„. 

(1) If £ is locally free, then there is an etale covering 7r„r,n : ^nr IE„, a line 
bundle C G Pic(E„r), <^nd a natural number m e N such that 

where T„i is an indecomposable vector bundle on Enr, recursively defined by the 
sequences 

> Tm-\ > > Ce„,, > 0, m > 2, Fi^ • 

(2) If£ is not locally free then there exists a finite map pk '■ ik ^ En ond a line bundle 
C € Pic(Ifc) (where k,pk and C are determined by £) such that £ = pk*{C). 

Example 4.2. If V = 7r„r,r* (>C ® J-m) with m > 1, then dim End(V) > 1. 

5. Compatible autoequivalences of D^(E„) 

In this section we will apply Theorem |3.13| to the example of n-gons. This serves 
the purpose of showing how the conditions of Theorem 3.13 many times reduce to easily 
applicable and natural conditions. 



5.1. Reduction of conditions in Theorem 3.13 for {n). 

Lemma 5.1. Given $ e Aut(D'^(E„)), suppose $ o t* = l'i* o $ /or some < q < n, 
then $ preserves the kernel of Zd- 

Proof. By definition, an element t e K (D^ (En)) is in the kernel of Zd if and only t ~ 
aid + ■ • .ane„ with Ea, = 0. We have [t*]ej = ] [ry^Opi (-1)] = [ry^Opi^^ (-1)] = 
Ci+i (if i = n then i + 1 = 1). Thus [t* ] acts as the identity on cq, and cyclically permutes 
{ejz/nz- Since rktot = So<i<ne^ and x = it is clear that [t,*] • rktot = rktot and 
[t* ] ■ X = X- Clearly the same holds for powers of t* . 
Using the commuting relation of $ and t* , we can write 

[$]t = I]o<.<„a.[tf-i)*]([$]ei). 

Applying rktot to the left and right yields 

YktotHm)) = rktot (So<.<na»[tf"'^1[*]ei) 
= I]o<,;<„ rktot{a^[if-'>mel) 

= ^o<i<n{ai rktot([$]ei)) 
= (i;o<i<„ai) * rktot ([^'Jei) 
= 0* rktot ([$]ei) 
= 0. 
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These equations only used the additive property and invariance of rktot under t* . Thus the 
same will be true for x ™d is in the kernel of Z^. □ 

Lemma 5.2. Assume rank(im(Z)) = 2 and im{Z) M = C. Then $ satisfies Theorem 



3.13 Hi) if and only if [[^P]] G SL(2,Z). 



Proof. Since im{Z) is rank 2, any automorphism that descends to the image will naturally 
be an element of GL(2, Z). Thus [[$]] extends to a M-linear automorphism of C. Clearly, 



Theorem 3.13[iii) is true if and only if the extension of [[$]] is orientation preserving, and 



assuch [[$]] e SL(2,Z). □ 

5.2. The autoequivalence group Aut^; (n). Using these reductions we will now produce 
the subgroup Autci{n) C Aut(D'^(E„)) of autoequivalences compatible with aci{n). We 
obtain this subgroup by explicitly constructing autoequivalences of D''(E„). This group 
will be an extension of ro(ri) C SL(2, Z), the congruence subgroup consisting of elements 
that are upper triangular under reduction of coefficients SL(2,Z) SL(2,Z/nZ). We 
begin by Ufting autoequivalences of D'^(Ei) to endomorphisms of D'^(E„). Once this 
shown, we ascertain that these endomorphisms are strongly compatible autoequivalences. 

Proposition 5.3. Given K. G D'^(Ei x Ei) such that <^k: e Aut(D'^(Ei)) and [$jc] S 
ro(n) C SL(2,Z), there exists /C„ G D^(E„ x E„) with (7r„ x i(i)*/C„ ^ [id x 7r„)*/C. 
This sheaf is unique up to the action of the covering transformations of [iTn x id). 

Proof. First, we need to understand how acts on D'^(Ei). As shown in IIBK05L 

Stab(Ei) = GL (2,]R), the isomorphism is provided by (Tci{1) and the natural right 
action on the stability manifold. The left action by Aut(D''(Ei)) implies all autoequiva- 
lences are strongly compatible with all stability conditions. Since k{p), p E Ei, are stable 
in all stability conditions, this shows that Vp[7\f] := ^jc{k(p)) is a shifted stable indecom- 
posable vector bundle (torsion free sheaf) forp smooth (singular), with M, rank(Vp) ~ n 
and x(Vp) = d uniform for all p. The assumption [^k] G ro(n) ensures d ^ 0. Without 
loss of generality, we can assume that M = and by | |Huy06| Lemma 3.31] that /C is a 
sheaf. With these assumptions, it is clear that /C|pxEi = Vp. For clarity, we will first han- 
dle the case that rank(Vp) — n. Once this is shown, we will comment on how the general 
case proceeds. 



By Proposition 4. 1 Vp = 7r„*£p for some torsion free rank 1 bundle on E„. Using base 



change and the Cartesian diagram (since E„ is a Galois cover) 

Z„ X E„ > E„ 



E„ >Ei 

there exists an isomorphism 7r*7r„*£p = ®o<k<ni-n* ^p- Thus, {{id x 7r„)*/C)|pxE„ — 
ffio<fe<ri''Ji*'Cp. Clearly, this isomorphism is trivially affected by the choice of £p: the 
choice was ambiguous up to the action of i* . 

From this description, the stability properties of Vp gives 

'O fori 7^0 ifrf>0 



i?r((idx 7r„)*/C|pxEj 



for i 7^ 1 if < 



Temporarily, we assume d > and surjectivity of the natural map r(Vp) (Xi Oei ^ Vp 
for all p; this will be justified at the end of the proof. Letting pi designate the projection 
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El X E„ — > El, IMumTOI Corollary 2] implies T := pi* ((id x tt* )(/C)) is a rank d vector 
bundle on Ei, with fiber Jp = ®o<j<n^{'-n*^p)- choice of d now implies that the 
natural adjunction map p*J^ — {id x 7r„)*/C) is a surjection. 

We want to find a sheaf, on E„ such 7r„*(J>i) = J-. We will give J- a natural 
7r„(C'E„) module structure, giving the existence of a lift. The algebraic nature of 7r„ then 
ensures the existence of One has the natural splitting 7r„*(C'E^J = ©^^©(^i) where 
/i„ are the nth roots of unity. Likewise, the Z/nZ action on T induces a decomposition 
by eigenbundles: T ^ (Bfi„J'{£,i)- The natural module action is then described summand 
wise as the natural maps 0{^^) (E) J' {£,•') — > J'iC'^'')- Clearly this makes a module over 



The cartesian diagram 



E„ X E„ > El X E„ 



E„ > El 

gives a canonical surjective morphism t : (7r„ x id)^ o p*^{Tn) — > [id x 7r„)*(A^) (using 
flat base change and adjunction). Adjunction again gives v : (iTn x id)* ker(T) — > p* (J^„). 
Define /C„ :— coker(-L'). The flatness of 7r„ x id gives an exact sequence 

(tt X id)^ o (7r„ X io?)*(ker(T)) — > (7r„ x id)^{p*^{Fn)) (7r„ x id)*/C„ 0. 

By adjunction we have a factorization ker(T) (7rxi(i)*o(7r„ Xi(i)*(kerT) ofker(r) ^ 
(tTh X J-"„, giving a surjective morphism [id x 7r„)*/C ^ (7r„ x i(i)*/C„. By compar- 

ing dimensions of fibers, this is an isomorphism. Thus (tt^ x id)*(/C„) = {id x 7r„)*(/C). 

We now justify our assumption on d. Letting p\ designate the projection of Ei x E^ 
onto the second factor, the ample nature of £(l;a;) implies the construction works for 
/C' := /C €5 p\*{C{m\uj)) for m << d. Thus we have an isomorphism (7r„ x id)^,K.[-^ ^ 
{id X 7r„)*(A^) (g) (p5 o 7i'n)*'C(m; w). From this, it is clear how to find /C„, thus justifying 
our assumption. We are done for the case that rank(/C) = n. 

Finally, the case that n < rank(Vp) = m. The adjustments are more of a technical 
inconvenience: we have Vp = iTm^Cp = TTm,n* ° T^m*{^p)- Therefore, rather then having 
a fiberwise decomposition of {id x 7r„)*Vp into rank 1 sheaves, we decompose into n 
rank — vector bundles (torsion free sheaves). Once this change is made, the construction 
proceeds in a straightforward manner. □ 

Remark 5.1. The more natural way of viewing this construction (and the original moti- 
vation) is that {id x 7r„)*/C has the natural splitting fiberwise given above. This gives 
an explicit description for the monodromy associated to the generator of 7ri(Ei). This 
monodromy has order n and makes the choice of a summand in the fiberwise splitting a 
"cyclic vector". This implies that there is a natural lift on E„ x E„ that pushes forward to 
{id X 7r„)*/C. The argument given in the above proof has the benefit of not losing any data 
contained in JC. 

Now that JCn G D'^(E„ x E„) is constructed, we aim to understand <i>K;„- With this in 
mind, we prove some basic properties of /C„. 



Lemma 5.4. Let JC be as in Proposition \5.3\ Then JCn has the following properties: 

(1) 7rn*(/Cri|px£;„) — A^lpxEi, and therefore is a torsion free sheaf. 

(2) for any two distinct pi,p2, RHom*(/C„|pjx£;„j ^n|p2x£;„) = for alii e Z. 
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Proof. The first property is clear from the construction. The second follows from the 
inclusion 

RHom-' {fZn Ipi X , A^n |p2 X ) ^ RHom-' (/C„ |pi x £„ , fflo<i<n Ip2 x £„ ) 

5^ RHom^(7r„*/C„|pix£;„,7r„*£|p2x£;„)- 

We have two cases: p2 7^ l^iPi and p2 = i-nPi for some k. For the former, it follows from 
the original family /C; for the latter, it follows from the stability properties of the fibers of 
/C □ 



Lemma 5.5. /C„ is a sheaf and flat over E„ with regards to projection onto the first factor 



Proof. From Lemma 5.4 $;tc„(fc(p)) is a torsion free sheaf for all p e E„. However, 



letting Pi denote the projections of E„ x E„, we have 



= Rp2*i*{Ri* ICn) 



But, i o 772 = id. Thus $;c„ {^{p)) — Ri*ICn. Since the left side is a torsion free sheaf 
uniformly concentrated in a single cohomological degree for all p, the result follows from 
| |Huy06| Lemma 3.31]. □ 



It is now clear that /C„ inherits many nice properties from /C. It is not surprising then 
that there is a nice relationship between ™d $;c„ ■ 

Lemma 5.6. <f>K;„ ° ""n — ° '^'k: 
Proof. We have the following diagram 
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where every square is Cartesian. The result is a calculation using the above diagram, base 
change, and the projection formula. 

= a2*{(jlr]lF ® alJC) 

= CF2*(t>2* {(th^lVlF ® ^n) 
= CF2*cj)2*{(l)*ll2'niF ® l^n) 
= (T2*cj)2* (0^7^ TT* (g) /C„) 

□ 

With this initial analysis done, we now show <I>jc„ is strongly compatible with aci{n). 



In order to apply Theorem 3.13 we must first know ^k,^ is an equivalence. Once this is 
shown, it is simply a matter of verifying the reduced conditions derived in the previous 
section. 

Proposition 5.7. $;c„ equivalence. 

Proof. Let /C S D'^(Ei x Ei) satisfy Proposition 5.3 Recall that is an autoequivalence 



if and only if the sheaf /C"^[l] satisfies /C * /C^[l] = Oa- Setting /C' = /C^[l]. Proposition 
5.3 constructs two (shifted) sheaves /C„ and AC^ corresponding to these two kernels. As 
noted above, there is some ambiguity in the definition of /C„: there are in fact n choices that 



will satisfy the properties listed in Proposition 5.3 We will correct for this momentarily. 



Lemma 5.6 gives an isomorphism of functors 

TT* O O $^ = O TT* O <i)^ = O O TT* . 

Applying these isomorphisms to ®o<k<nk{i^n{p)) for any p e E„, yields the isomorphism 
<I>k;; o $K;„(ffio<fc<nfc('-nP)) = ®o<k<nk{inP)- Correcting by some power of t„ we can 
ensure that i^* o ^k.'^ o ^]c„{k{p)) = k{p). The geometric origin of our autoequivalence, 
the connectedness of E„, and the fact that {t^(p)} is a discrete subscheme combine to 
imply this identity holds for all p (here we are using the continuity properties that our 
kernel affords). 

Thus we know o ^/c'^ o <i)jc^ acts as the identity on k{p) for all p e E„ . By BBK06bl 
Lemma 2. 11] we know l^^* o ^ic'^ o $ytc^ is isomorphic to an autoequivalence obtained by 
tensoring by a line bundle, thus the result. □ 

Proposition 5.8. $jc„ is strongly compatible with (Tci{n) on E„. 



Proof. According to Theorem 3.13 and the reductions carried out in ^ 5.1 we need to verify 
that 

(1) W(^kAF)) = for i 7^ Af, M + 1, Af e Z and e Coh(E„) 

(2) $k;„ o t,* = ° *k;„ , for some < g < n. 

(3) [^K,i] descends to an element in SL(2, Z). 
(1) Without loss of generaUty, we can a ssume that M — 0. Let pi designate the i"* 

JCn is flat over pi, and therefore p\F®^]Cn = 



xEr 



E„. By Lemma 



5.5 



projection E 

p\F ® K-n- Thus, the assertion reduces to showing -R/92* [G) = for G E Coh(E„ x E„) 
j > 1. This is true since p2 is a fibration with fiber dimension 1. 
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(2) Proposition 2.4 shows the left side is isomorphic to <&(t„xid).K;„ ™d the right is 

isomorphic to $(j(jxt?0'K;„ — ^{idxL„)i'K„- By construction (t„ xid)*/C„ = {idxL'^)*IC, 
where q is coprime to n and a = '^'^'"'''n*'*'''^'*"' ■ Using (i„ x id)^ = (i„ x id)"^^* then 
gives the result. 

(3) From (2) we know that [$yc„] descends to an automorphism [[$k;„]] of the coimage; 
we just need to calculate the matrix. The matrix defining [^jc] (here [[^jc]] and [^k] coin- 
cide since there is no kernel) is of the form (in the basis eg — [k{p)] and ei = [Oei (—1)]), 

d = x(^b X El) a 
r = rktof(/C|pxEi) b 

where db — ra ^ 1. In order to calculate [[$k;„]]i we choose a basis of im(Z) compatible 
with Co and ei: ef, = [[fc(p)]] forp such that 7r„* (/c(p)) = eg ande'^ = [[Opi (— 1))]] forany 
i (since under Z^i, the image is the same for all i). We need to calculate rk4ot([$j^^] • [A:(p)], 
r^totil^Kj ■ [Opi(-l)],x([*Kj • [Opi(-l)]),andx([$Kj • [Hp)]). 

For [k{p)] this is easy: ^]c„{k{p)) is a torsion free sheaf with rank($yc„ (fc(p))) 



implying that rktof ($k;„ {k{p)) = z: * n = r, while xi^K„ ik{p)) = d by Lemma 5.4 



We can replace [C'pi(— 1)] by since = '^i<i<n[Opi {—I))]. Since O] 



is the pullback of Oei, Lemma 5.6 shows that $;c„ (C'e„) — ""n ° ^k{Oei)- This reduces 
our calculation understanding how tt* affects rktot and x- Clearly the rank (restricted to 
each component) doesn't change, so rktot (7r*F) = nrktotiF). Further, by pulling back 
to the normalization, we see that x(^j* (-^)) ~ "i^xi^)- 
Thus, 

d a 



b 



So [[$k:]] = [['J'k;„]]i showing that [$k;„] descends to an orientation preserving automor- 
phism. □ 

We now have a large class of compatible autoequivalences. We are interested in the 
subgroup of Aut(D^(E„)) containing all autoequivalences compatible with a din). We 
will first define Autc/(n) and give some of its important properties. In the next section we 
show that it is maximal. 

Definition 5.9. Let Aut*''™(n) be the subgroup of Aut(D^(E„)) generated by 

(1) G PicO(Ei), 

(2) [2] := [1] o [1], where [1] is the shift functor, 

(3) Aut(E„). 

Definition 5.10. Let Autc;(n) be the subgroup of Aut(D^(E„)) generated by 

{/C„|$;c e Aut(D^(Ei)), e ro(n)} 

and Aut*™(n). 

Tlieorem 5.11. All autoequivalences of Autdin) are strongly compatible with {Zd, Vd)- 
Further, Aut^; (n) is an extension 



1 >Z/nL X C* X Z X C* !> Autd(n) >ro(n) > 1. 

Under the action ofAutdin), there are Yid\n,d>o4>{{d, n/d)) equivalence classes of phases, 
where <j) is Ruler's function. 
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Proof. It is not difficult to see that all elements of Ani*'™ (n) act trivially on X (E„). Fur- 
ther, it is easily shown that Aut*™ (n) = Aut(E„)xZxPic°(E„) = Z/nZxC*xZxC*. 
We fi rst show that th e gen erators of Autci(n) are strongly compatible. From Definition 



5.10 



and Proposition 5.8 we are left to show this for elements in Aut '^^(n). How 



ever, this is an easy application of Theorem 3.13 any autoequivalence acting trivially 
on K (D^ (En)) will clearly satisfy conditions (ii) and (iii). Our specific choice of autoe- 
quivalences shows they satisfy condition (i). 

It is now clear that Autd (n) acts on im{Z) = 1? . Recall for a smooth projective variety 
X any autoequivalence $ can be represented by $^ for some object /C G T^{X x X). 
In the case of Ei, although not smooth, the statement remains true MBK05i Thus, by 



Proposition 5.3 and Proposition 5.8 if $ e Aut(D''(Ei)) and [4>] € ro(n), then there 
exists an autoequivalence $„ strongly compatible with aci{n) lifting $. These statements 
are enough to show that Autci{n,) acts on via ro(n). 

Let H be the kernel of Autci(n) acting on 1?. To obtain the exact sequence above, one 
just needs to show Ant*™{n) = H. One inclusion is clear. To show the other direction 
we will write any autoequivalence $ € _ff as a composition of generators of Aut*'^"'(n). 
First, if a :— (f){^{k{p)), then a is an odd integer. For if a was even, $ would result 



in a nontrivial action on Z^. Let 4*0 := [—a + 1] o <I). As noted in Section 3.1 
have ^'o(Coh(E„)) = Coh(E„) as subcategories of D''(E„). Gabriel's theorem |.Gab62| 
guarantees that is generated by automorphisms of X and tensoring Coh(E„) by line 
bundles. Since the latter elements are a normal subgroup of Aut(Coh(E„)), we can write 
this as a composition ((g)£) o a*. It is clear from this description that if £ ^ Aut*"''(n), 
then it will not preserve the kernel of Zd- Thus, we have our description of $ as the 
composition of elements in Aut*""(n). 

The last statement of the theorem follows from the well known computations for the 
number of cusps under the action of Fq (n) on the upper half plane BShi94l . More precisely, 
we use the shift [2] to reduce the computation to that of equivalence classes of slopes 
under the action of ro(n). In fact, a more precise statement can be made: as (redundant) 
representatives for the equivalence classes of phases under the action of ro(n), we can 
choose phases 0= such that ^ ~ —cotan{TT(j)!L) where d\n, c < ^, c,d ^ Z, and c 
coprime to d. Further, the action of ro(n) on this set doesn't change the denominator of 
the representative. 

□ 

6. The moduli of stable bundles on E„ 

A sheaf T is semistable (stable) in ad (n) if and only if T is Simpson semistable (sta- 
ble) with polarization £(1, . . . , 1; 1). The results of 0Sim94L shows the existence of a 
coarse moduli space A4d{n, a) of Obj(7^c;(a))- The closed points correspond to equiva- 
lence classes of objects with equivalent Jordan factors (S-equivalence). This moduli is a 
projective scheme over C. As noted in the introduction, we restrict to the case n > 1. 

Theorem 6.1. Given a nontrivial slice V{a) of ad{n) with n > 1, let a) C 

AAdin^a) denote the subscheme whose closed points correspond to stable objects and 
Aidi^) closure. Then A1^*(a) = V^sW^/nL where s\n and each component of 
A1^*(o) is a component of A4d{n, a). 

Proof. Through the action of Autd{n), we can assume that a is one of the specific (re- 
dundant) representatives given in the proof of Theorem 



5.11 



where s\n, r < 



and r, s are coprime. All other representatives of this form have the same denominator in 
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the index. Since we are primarily concerned with the denominator our choice of repre- 
sentative will not affect the calculation. The coprimality of r, s ensures the existence of 
A £ SL(2, Z) such that in our preferred basis 



A 



r * 
s * 



Clearly A e T ojs 



Proposition 5.3 and Proposition 5.8 construct € Aut(D'^(Es)) such that for smooth 



p, <i>K;,(fc(p)) e Pic(E<;). We are interested in the functor tt* ^ o : D''(Es) 



D'^(]E„). By a calculation similar to Proposition 2.4 this is equivalent to where 



U ^ {id X TTn,s)*ICs e D''(Es X E„). It is clear that for smooth p e E^, ^uik{p)) G 



Pic(E„). A calculation similar to the one done in Proposition 5.8 shows for all p e E^., 
4'f{^u{k{p))) = a. We claim that ^u{k{p)) is stable: if it was not stable its rank only 
allows for Jordan factors consisting of torsion free indecomposable subbundles supported 
on strict subschemes of E„. This gives the existence of a torsion free, but not locally 
free, sheaf in the Jordan decomposition of 7r„ o ^ij{k{p)). This is not possible since 
tTti.s* ° ^u{k{p)) is a direct sum of stable line bundles on Ej. 

The result of this is an inclusion Es^smooth -^c* ("-' '^)- want to show that its 
image is the locus of all stable vector bundles. We denote this latter space as A^^*'"''(n, a). 
We do this by showing that if V is a stable vector bundle on E„ with <j>{V) ~ a then 
'-n s(^) — ^ (clearly ^!j{k{p)) satisfies this). Assume this to be true. One calculates 
directly that 0(7r„ ,5*(V)) = a (in (Tci{s)) and that 7r„^s«(V) carries a fiberwise action of 
Z/^Z. The action gives a splitting by eigenbundles: 7r„_s*(V) = ®yV\^, where are the 
nth roots of unity and <j>{yVxi ) = a. One recovers V by pulling back Wi. To summarize, if 
t* ^(V) = V then there exists a vector bundle V' on E^ such that V ^ vr* ^ V'. The stability 
of'v shows End(V) = C. Since HomE,(V', V) C HomE„(V,V), EndE„(V') = C as 
well. The isomorphism 'P{(f>a) — ^(1) (on E^) shows V' is a stable line bundle. Thus, 
Ml*''"''{n, a) = Es,s7nooth- 

We now show that if V is a stable vector bundle on E„ with (f>{V) = a then t* ^ ( V) = V. 
Assume i^*, V ^ V for all < fc < ^. Since V is assumed to be stable, HomE„ (tj^*s V, V) — 
0. Therefore, 

HomE,(7r„^s*V,7r„^s*V) = HoniE„ (7r*_j07r„^s* V, V) = HomE„ (©o<fe<5'-*^''V, V) = C 

The previous paragraph shows 7r„ ,j*V is stable on E^, with phase a. As such, it must be 
a line bundle. This clearly cannot happen, showing ij^j = V for some K C Z/^Z. If 
this is not strict, we are done. Otherwise, using the previous paragraph again, there exists 
t such that s\t\n and V = 7r*,f V with V a vector bundle on E(. Further, End(V') = C, 
t^* V' ^ V and (f>{V') — a. Recursion gives the contradiction, showing /,* ^(V) = V. 

The scheme Ai^Kn, a)\Aill'^^{n, a), by definition, consists of stable torsion free, but 
not locally free sheaves. Let T be such an object and suppose that Q := 11,1,3*^ is not sta- 
ble (it is automatically semistable). In the Jordan decomposition Q has a stable subbundle 
Q' . If Q' is not a vector bundle, there exists a F' on E„ with 4>{J-') = a, 7r„ J^' = Q', 
and C This contradicts that T is stable. Alternatively, if Q' is a vector bundle, as 
noted above, it must be a line bundle. Thus :— tt* ^t/' is a stable line bundle on E„. 
By adjunction, there exists a non-trivial T' ^ J- between stable objects which is not an 
isomorphism, contradicting the stability of T and T' . 

The result of this is that if T is stable and not locally free, then Tin,s*^ is stable. On 
Eg there are exactly s of these objects (corresponding to the image of singular skyscrapers 



24 



PARKER E. LOWREY 



under ^icj- This yields s * ^ stable non-locally free bundles in 7'(a) on £„. The con- 
tinuous map A4ci{n, a) "'"> Aici{s, a) = Aici{s, 1) shows that each stable non-locally 
free object corresponds to an open and closed point in A4ll{n,a). Thus A^^*(n,a) = 

Although we have only discussed on smooth skyscrapers, it is defined on all of 
Aici{s, 1), giving a map ]J SymEs — > Mciin, a). Since Mci{n, a) is a separated scheme 
A4'^i{a) = E^. These moduli spaces are originating from a GIT quotients. Since stability 
is an open condition, one obtains that the components of A4^l{n,a) are components of 

Mciin,a). □ 

Corollary 6.2. The group Aut^/ (n) contains all autoequivalences compatible with a^i (n). 

Proof. The goal will be to show that if $ is an autoequivalence compatible with (Tci{n), 
then we can write $ as the composition of elements contained within Autc/(n). 

In order to carry out such a task, we must understand which phases can be the image 
of The proof Theorem |5. 11 1 gives a set of (redundant) explicit representatives 

for the equivalence classes of phases under the action of Autd (n) on phase space. For 
convenience we will speak of these representatives through their negative slope, not their 
phase (e.g. V§ = §)■ 



By Theorem 6.1 for a given a, the scheme A^^f (n, a) = E^ where a representative for 



a in the above set is 0^ . If $(7^(1)) C V{a), the representative for the equivalence class a 
must be of the form with c coprime to n. It is not difficult to see that Tq (n) act transitively 
on the set of elements of this form. Thus, we can choose the representative to be ^, and 
their exists an element G Autc/(n) such that o = 7^(1). The compatibility 

of this morphism implies that "ifo o $(Coli(E„)) = Coh(E„) as subcategories of D''(E„). 
Thus, ^0 ° ^ is an autoequivalence of Coh(E„) that is extended to D'^(E„). From here, 
we use similar methods as in the proof of Theorem |5. 11 1 to give the desired result. 

□ 

We conclude this section by noting that much of the above analysis can be carried out 
in any Simpson stability condition on E„. With the above methods it is possible to classify 
not only the stable objects, but also the full structure of the coarse moduli space Mci {n, a). 
This analysis will be done in future publications. 
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